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MINIMAL PERMUTATION REPRESENTATIONS FOR
GL2(F q)
NEELIMA BORADE AND RAMIN TAKLOO-BIGHASH
Abstract. In this paper we determine all minimal permutation
representations of GL2(F q).
1. Introduction
The purpose of this note to determine the size and the structure of
the minimal permutation representations of the group GL2(F q), for an
odd prime power q. Theorem 3.7 of [2] claims to have determined at
least the size of the minimal permutation representation, but there is
a typo in the answer, and it appears to us that the proof presented is
not correct. The proof we present here is inspired by the results and
techniques of [1, 2].
To state the theorem we need a couple of pieces of notation. Given
a natural number n, we can write n = 2r
∏
p odd p
ep. We set n2 = 2
r
and T (n) =
∑
p odd p
ep. Also given a finite group G we let p(G) be
the size of the faithful minimal permutation of G, i.e., the size of the
smallest set A on which G has a faithful action. We will be proving
the following result:
Theorem 1.1. If q ≥ 3 is an odd prime power, then
p(GL2(F q)) = p(SL2(F q)) + T (q − 1) = (q + 1)(q − 1)2 + T (q − 1).
In fact we prove a much stronger theorem, Theorem 3.13, where we
identify all minimal faithful sets for GL2(F q). The equality p(SL2(F q)) =
(q+1)(q−1)2 is Theorem 3.6 of [1]. To prove our theorem we first con-
struct a faithful permutation representation of size p(SL2(F q))+T (q−1)
and then we proceed to find all minimal faithful representations of
GL2(F q) by trying to beat this bound. The proof, though elementary,
is rather subtle.
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and Annette Pilkington who independently simplified our first step of
the proof of Lemma 3.7. We used numerical computations carried out
using sagemath to convince us of the validity of Lemma 3.9.
2. A faithful collection
We start with some definition. The standard reference for minimal
permutation representations of finite groups is Johnson’s classical paper
[6]. In order to construct a faithful permutation representation of a
group G we need to construct a collection of subgroups {H1, . . . , Hl}
such that coreG(H1 ∩ · · · ∩Hl) = {e}. Recall that for a subgroup H of
G, coreG(H) is the largest normal subgroup of G contained in H , i.e.,
coreG(H) =
⋂
x∈G
xHx−1.
We call a collection {H1, . . . , Hl} of subgroups ofG faithful if coreG(H1∩
· · · ∩Hl) = {e}. In this case the left action of G on the disjoint union
A = G/H1 ·∪ · · · ·∪G/Hl
is faithful. Note that |A| =
∑
i |G/Hi|. A collection {H1, . . . , Hl} is
called minimal faithful if
(1) coreG(H1 ∩ · · · ∩Hl) = {e},
(2)
∑
i |G/Hi| is minimal among all collections of subsets satisfying
(1). In this case,
∑
i |G/Hi| is denoted by p(G).
The papers [5, 6] and the thesis [4] contain many examples of explicit
computations of p(G) for various groups G.
In the remainder of this section we construct a faithful collection for
GL2(F q) which we will eventually prove to be minimal. Let ̟ be a
generator of the cyclic group F ×q . For t | q − 1, set At = 〈̟
t〉. The.
set At is the unique subgroup of F
×
q of size (q − 1)/t. If (q − 1)2 = 2
r,
then A2r is the largest subgroup of F
×
q which has odd order. Note that
if s, t are divisors of q − 1, then As ∩ At = Alcm(s,t). Let
Dt = {
(
a
1
)
| a ∈ At},
Zt = {
(
a
a
)
| a ∈ At}.
We usually denote Z1 by Z. Note that any subgroup of Z is of the
form Zt for some t | q − 1. In fact, Zt is the unique subgroup of Z of
order (q − 1)/t. For s, t divisors of q − 1 we have
(2.1) Zs ∩ Zt = Zlcm(s,t).
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Let
GL2(F q)
t = {g ∈ GL2(F q) | det g ∈ At}.
Then it is clear that Dt, Zt, and GL2(F q)
t are subgroups of GL2(F q),
and that GL2(F q)
t = Dt · SL2(F q). We note that for t | q − 1,
(2.2) [GL2(F q) : GL2(F q)
t] = t.
The following lemma is a consequence of the Lattice Isomorphism
Theorem:
Lemma 2.1. If H is a subgroup of GL2(F q) which contains SL2(F q),
then there is t | q − 1 such that H = GL2(F q)
t
.
The following lemma is important:
Lemma 2.2. We have
Z ∩GL2(F q)
t =
{
Zt/2 if t is even;
Zt if t is odd.
Proof. We observe that Z ∩GL2(F q)
t is a subgroup of Z, so it must be
of the form Zs for some s | (q− 1). We need to determine the diagonal
elements of the form
(
z
z
)
that can be written in the form
(
̟kt
1
)(
a−1
a
)
=
(
̟kta−1
a
)
for some integer 0 ≤ k < (q−1)/t and a ∈ F ×q . This means ̟
kta−1 = a,
i.e., ̟kt = a2. Two cases:
If t is even, then a = ±̟k·
t
2 , for any 0 ≤ k < (q − 1)/t. This
means there are 2(q − 1)/t possibilities for a, and that means that
Z ∩GL2(F q)
t = Zt/2.
If t is odd, then a = ±̟
k
2
·t whenever 0 ≤ k < (q − 1)/t is even.
Since (q − 1)/t is even, there are (q − 1)/t possibilities for a, and we
have Z ∩GL2(F q)
t = Zt. 
We also recall the construction of the minimal faithful representation
of SL2(F q) from [1]. Write q − 1 = 2
r ·m with m odd. Set
(2.3) Hodd = {
(
a
a−1
)(
1 x
1
)
| a ∈ A2r , x ∈ F q}.
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Then Theorem 3.6 of [1] says that Hodd is a corefree subgroup of
SL2(F q) of minimal index, i.e., the action of SL2(F q) on SL2(F q)/Hodd
is a minimal faithful representation. Also, it is easy to see that
[SL2(F q) : Hodd] = (q − 1)2(q + 1).
Set
(2.4) GHodd = D1 ·Hodd.
Then GHodd is a subgroup of GL2(F q), and we have
(2.5) [GL2(F q) : GHodd] = (q − 1)2(q + 1).
Lemma 2.3. We have
coreGL2(F q)(GHodd) = Z2r .
Proof. Any normal subgroup of GL2(F q) which does not contain SL2(F q)
is a subgroup of Z, so we just need to show Z ∩ GHodd = Z2r . For
a ∈ A2r we have (
a2
1
)
·
(
a−1
a
)
=
(
a
a
)
.

We can now give a construction of a faithful permutation represen-
tation which we will later prove to be minimal.
Proposition 2.4. Write q − 1 = 2r · pe11 · · · p
ek
k with p1, . . . , pk distinct
odd primes, and e1, . . . , ek ≥ 1. Then the collection of subgroups
{GHodd,GL2(F q)
p
e1
1 , . . . ,GL2(F q)
p
ek
k }
is a faithful collection. The corresponding faithful permutation repre-
sentation has size p(SL2(F q)) + T (q − 1).
Proof. We need to show that the subgroup U = GHodd ∩GL2(F q)
p
e1
1 ∩
· · · ∩ GL2(F q)
p
ek
k is corefree. By Lemma 2.3, coreGL2(F q)(GHodd) is a
subset of Z, so the core of U is a subgroup of Z. Since any subgroup of
Z is normal, we just need to compute the intersection U ∩Z. Lemmas
2.2 and 2.3 implies that this intersection is Z2r ∩ Zpe1
1
∩ . . . Zpek
k
. As
lcm(2r, pe11 , . . . , p
ek
k ) = q − 1, Equation (2.1) says
Z2r ∩ Zpe1
1
∩ . . . Zpek
k
= Zq−1 = {e}.
This means that the collection is faithful. The size of the corresponding
permutation representation is equal to
[GL2(F q) : GHodd]+[GL2(F q) : GL2(F q)
p
e1
1 ]+· · ·+[GL2(F q) : GL2(F q)
p
ek
k ]
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= (q − 1)2(q + 1) + p
e1
1 + · · ·+ p
ek
k
after using Equations (2.5) and (2.2). This finishes the proof of the
proposition. 
Corollary 2.5. We have
p(GL2(F q)) ≤ (q − 1)2(q + 1) + T (q − 1).
Remark 2.6. It might have been tempting to use the results of [3], es-
pecially Lemma 2.3, to compute p(GL2(F q)). Unfortunately, however,
this result is wrong. Lemma 2.3 of [3] states that if G⋊ϕ H is a semi-
direct product of groups such that ϕ is injective, and if G has a min-
imal faithful collection given by a subgroups that are invariant under
the conjugation action of H , then p(G⋊ϕH) = p(G). The proof of this
lemma proceeds by claiming that if {H1, . . . , Hl} is a faithful collection
of G consisting of subgroups invariant under the conjugation action of
H , then {H1H, . . . , HlH} is a faithful collection of G⋊ϕH . As we saw
in Lemma 2.3 this is not true for G = SL2(F q), H = D1, H1 = Hodd.
Also by Theorem 3.13 below, p(GL2(F q)) 6= p(SL2(F q)).
3. Minimal faithful collections
We start with a lemma. This lemma should be compared with
Lemma 3.1 of [2].
Lemma 3.1. Let H be a subgroup of GL2(F q). Then
[H : H ∩ SL2(F q)] =
|H · SL2(F q)|
|GL2(F q)|
· (q − 1).
Proof. We observe that H ·SL2(F q) is a subgroup of GL2(F q). We have
|H · SL2(F q)| =
|H| · |SL2(F q)|
|H ∩ SL2(F q)|
.
Hence,
[H : H ∩ SL2(F q)] =
|H|
|H ∩ SL2(F q)|
=
|GL2(F q)|
[GL2(F q) : H · SL2(F q)]
·
1
|SL2(F q)|
=
q − 1
[GL2(F q) : H · SL2(F q)]
,
as claimed. 
The following lemma is a strengthening of Lemma 3.2 of [2].
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Lemma 3.2. Let H be a subgroup of GL2(F q) such that
(
−1
−1
)
6∈
H. Then
[GL2(F q) : H ] ≥ p(SL2(F q)) · [GL2(F q) : H · SL2(F q)].
Proof. Since
(
−1
−1
)
6∈ H , H ∩ SL2(F q) is a corefree subgroup of
SL2(F q). Hence
(3.1) [SL2(F q) : H ∩ SL2(F q)] ≥ p(SL2(F q)).
Next,
[GL2(F q) : H ] =
[GL2(F q) : H ∩ SL2(F q)]
[H : H ∩ SL2(F q)]
.
By Lemma 3.1 this expression is equal to
=
[GL2(F q) : H ∩ SL2(F q)]
q − 1
· [GL2(F q) : H · SL2(F q)]
= [SL2(F q) : H ∩ SL2(F q)] · [GL2(F q) : H · SL2(F q)]
≥ p(SL2(F q)) · [GL2(F q) : H · SL2(F q)],
by Equation (3.1). 
We also state the following elementary fact as lemma for ease of
reference:
Lemma 3.3. For natural numbers a1, . . . , ak ≥ 2, at least one of which
is strictly larger than 2, we have∑
i
ai <
∏
i
ai.
Proof. Proof is by induction, without loss of generality assume a1 ≥ 3.
We have
(a1 − 1) · (a2 − 1) ≥ 2.
Simplifying gives a1a2 ≥ a1 + a2 + 1. The rest is clear. 
Corollary 3.4. We have
T (q − 1) < p(SL2(F q)).
Proof. Write q − 1 = 2rpe11 · · · p
ek
k with pi’s distinct odd primes and
ei ≥ 1. By Lemma 3.3,
T (q − 1) ≤
q − 1
(q − 1)2
< q − 1 < q + 1 < (q − 1)2(q + 1).

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Now let C = {H1, . . . , Hℓ} be a minimal faithful collection of GL2(F q).
Since
(
−1
−1
)
is in the center of GL2(F q), there is an i such that(
−1
−1
)
6∈ Hi.
Lemma 3.5. There is exactly one i as above and Hi · SL2(F q) =
GL2(F q).
Proof. Suppose Hi, Hj do not contain
(
−1
−1
)
. Then by Lemma
3.2, [GL2(F q) : Hi] + [GL2(F q) : Hj] is larger than or equal to
≥ ([GL2(F q) : Hi · SL2(F q)] + [GL2(F q) : Hj · SL2(F q)]) · p(SL2(F q))
which is at least 2p(SL2(F q)). By Corollary 3.4 we have 2p(SL2(F q)) >
p(SL2(F q)) + T (q − 1), and this latter quantity, by Corollary 2.5, is
larger than or equal to p(GL2(F q)). Consequently, if Hi 6= Hj or if
Hi · SL2(F q) 6= GL2(F q),
GL2(F q) : Hi] + [GL2(F q) : Hj ] > p(GL2(F q)).
This contradicts the assumption that C is a minimal faithful collection.

Without loss of generality let i = 1.
Lemma 3.6. The H1 ∩ SL2(F q) is a conjugate of Hodd in SL2(F q),
with Hodd defined by Equation (2.3).
Proof. Since
(
−1
−1
)
6∈ H1, H1 ∩ SL2(F q) will have odd order. By
Lemma 3.5 of [1], up to conjugation, we have the following possibilities
for H1 ∩ SL2(F q):
(A) a cyclic subgroup of odd order dividing q ± 1;
(B) a subgroup of odd order of the upper triangular matrices
T (2, q) = {
(
a
a−1
)(
1 x
1
)
| a ∈ F ×q , x ∈ F q.}.
In case (A), since |H1∩SL2(F q)| = (q± 1)/t is odd, and q± 1 are even
numbers, we must have t ≥ 2. By the proof of Lemma 3.2 and the
statement of Lemma 3.5
[GL2(F q) : H1] = [SL2(F q) : H1 ∩ SL2(F q)] · [GL2(F q) : H1 · SL2(F q)]
= [SL2(F q) : H1 ∩ SL2(F q)] =
|SL2(F q)|
|H1 ∩ SL2(F q)|
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=
q(q + 1)(q − 1)
q ± 1
· t ≥ 2
q(q + 1)(q − 1)
q ± 1
.
We determine the cases where q(q+1)(q−1)
q±1
≥ (q − 1)2 · (q + 1). We need
q(q−1)
q±1
≥ (q − 1)2. We have two cases:
• If the denominator is q − 1, then we need q ≥ (q − 1)2, and
that’s obviously true.
• If the denominator is q+1, then we want q(q−1) ≥ (q+1)(q−
1)2. For this write q − 1 = 2
rm with m odd, then we need
(2rm+1)2rm ≥ (2rm+2)2r, or what is the same, (2rm+1)m ≥
2rm+2. Ifm ≥ 3, then this last inequality is definitely satisfied,
but if m = 1, it is not true.
This discussion means that unless q = 2r + 1, [GL2(F q) : H1] ≥
2p(SL2(F q)) which by Corollary 3.4 is strictly bigger than p(SL2(F q))+
T (q − 1). This last statement, by Corollary 2.5, contradicts the mini-
mality of C
Now we examine the case where q = 2r + 1. Note that in this case
T (q− 1) = 0 as q− 1 has on odd prime factors. One easily checks that
2
q(q + 1)(q − 1)
q ± 1
> (q − 1)2(q + 1).
This means that [GL2(F q) : H1] > p(SL2(F q)) + T (q− 1) which again,
by Corollary 2.5, contradicts the minimality of C.
Now we examine case (B). In this case, if we write q−1 = 2rm, there
is a divisor m0 of m such that
H1 ∩ SL2(F q) = {
(
a
a−1
)(
1 x
1
)
| a ∈ A2rm0 , x ∈ F q}.
(Note that this is up to conjugation only, but with a change of basis,
we may assume it to be true.) Then
[SL2(F q) : H1 ∩ SL2(F q)] = [SL2(F q) : Hodd] · [Hodd : H1 ∩ SL2(F q)]
= m0 · p(SL2(F q)).
By the proof of Lemma 3.2 we have
[GL2(F q) : H1] = [SL2(F q) : H1 ∩ SL2(F q)] · [GL2(F q) : H1 · SL2(F q)]
= m0 · p(SL2(F q)),
upon using Lemma 3.5. Again as before if m0 > 1, we conclude
[GL2(F q) : H1] ≥ 2, and we get a contradiction. 
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Without loss of generality we may assume H1 ∩ SL2(F q) = Hodd.
For n, 0 ≤ n < q − 1, define a subgroup D(n) ⊂ GL2(F q) by
D(n) = {
(
an+1
a−n
)
| a ∈ F ×q }.
Set
GH(n) = D(n) ·Hodd.
The subgroup GH(0) is what we had called GHodd in Equation (2.4).
Lemma 3.7. There is an n, 0 ≤ n < q − 1, such that H1 = GH(n).
Proof. The proof of this lemma is in two steps. In the first step we
show that H1 is a subgroup of upper triangular matrices in GL2(F q),
and then we identify it explicitly. The simple argument we give for
the first step was suggested independently by Roman Bezrukavnikov
and Annette Pilkington. We start with the observation that H1 ∩
SL2(F q) is normal in H1. By Lemma 3.6, H1 ∩ SL2(F q) consists of
upper triangular matrices and contains all upper triangular unipotent
matrices. Suppose
(
a b
c d
)
∈ H1, and let
(
1 x
1
)
be an arbitrary
upper triangular unipotent matrix. Then since the matrix(
a b
c d
)(
1 x
1
)(
a b
c d
)−1
=
(
∗ ∗
− c
2x
ad−bc
∗
)
for all x, we must have c = 0.
Now we proceed to identify H1 explicitly. By the proof of Lemma
3.2 and the statements of Lemmas 3.5 and 3.6 we have
(3.2) [GL2(F q) : H1] = [SL2(F q) : Hodd].
This means |H1| = (q − 1) · |Hodd|. So we need to find (q − 1) repre-
sentatives for the quotient H1/Hodd. By Lemma 3.5, the determinant
det : H1 → F
×
q is surjective. In particular, if ̟ is a generator of F
×
q ,
there is a matrix X in H1, upper triangular by the first part, such
that detX = ̟. Since by Lemma 3.6, H1 contains all upper trian-
gular unipotent matrices, we may assume that X is diagonal. Since
̟ is a generator of F ×q , we may write X =
(
̟n+1
̟m
)
. Since
̟ = detX = ̟n+m+1, we conclude n+m ≡ 0 mod (q−1), orm ≡ −n.
So if we let Xn =
(
̟n+1
̟−n
)
, then Xn ∈ H1 and detXn = ̟. The
elements {X in | 0 ≤ i < q − 1} provide the (q − 1) representatives for
H1/Hodd that we need. 
10 NEELIMA BORADE AND RAMIN TAKLOO-BIGHASH
Corollary 3.8 (From the proof). We have
[GL2(F q) : H1] = p(SL2(F q)).
Proof. This is Equation 3.2. 
Lemma 3.9. We have
coreGL2(F q)(H1) = Z2r .
Proof. By Lemma 3.7, it suffices to prove coreGL2(F q)(GH(n)) = Z2r
for each n, and that means we need to determine Z ∩GH(n). Suppose
we have an element of the form
t =
(
an+1
a−n
)
·
(
b−1
b
)
, a ∈ F ×q , b ∈ A2r
and suppose t ∈ Z. This means a2n+1 = b2. Write a = ̟i, b = ̟2
r·j.
Then we have
(2n+ 1)i ≡ 2r+1j mod (q − 1).
Let g = gcd(2n + 1, q − 1). Then j = gu for some u. Then if k is a
multiplicative inverse of (2n+ 1)/g modulo (q − 1)/g, we have
i ≡ k · 2r+1 · u mod
q − 1
g
,
or
i = k · 2r+1 · u+
q − 1
g
s
for some s. So if for any u, s we set a = ̟i, b = ̟2
r ·j with i, j satisfying{
i = k · 2r+1 · u+ q−1
g
s
j = ug,
then a2n+1 = b2. Now we examine the matrix t. We see that a−n · b is
equal to ̟ raised to the power
−n(k · 2r+1 · u+
q − 1
g
s) + u · g · 2r
= (−2nk + g)2r · u− n ·
q − 1
g
· s
= 2r ·
{
(−2nk + g) · u− n ·
q − 1
2r · g
· s
}
.
We will show that
(3.3) gcd(2nk − g, n ·
q − 1
g
) = 1.
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Let us first look at gcd(2nk − g, n). This is equal to gcd(g, n) which is
equal to 1, as g | 2n+ 1 and gcd(n, 2n+ 1) = 1. This means
gcd(2nk − g, n ·
q − 1
g
) = gcd(2nk − g,
q − 1
g
)
= gcd((2n+ 1)k − g − k,
q − 1
g
)
= gcd(g
{
2n+ 1
g
· k − 1
}
− k,
q − 1
g
)
= gcd(−k,
q − 1
g
)
= 1.
In the above computation we have used the fact that k is multiplicative
inverse of (2n+1)/g modulo (q− 1)/g, so k · (2n+1)/g− 1 is divisible
by (q− 1)/g. Now that we have established Equation (3.3) we observe
that since −2nk + g is odd we have
gcd(−2nk + g,−n ·
q − 1
2r · g
) = 1.
This means that there are integers s, u such that the corresponding a, b
satisfy a−nb = an+1b−1 = ̟2
r
, and that whenever a−nb = an+1b−1 for
a ∈ F ×q , b ∈ A2r , then the common value is of the form ̟
f ·2r for some
integer f . This finishes the proof of the lemma. 
Now that we have identified the possibilities for H1 and its core, we
optimize the choices of H2, . . . , Hℓ. Define natural numbers t2, . . . , tℓ
by setting
Z ∩Hi = Zti, 2 ≤ i ≤ ℓ.
We can pick each ti to be a divisor of q − 1. By Equation (2.1) and
Lemma 3.9, the statement
coreGL2(F q)(H1 ∩ · · · ∩Hℓ) = {e}
is equivalent to
lcm(2r, t2, . . . , tℓ) = q − 1.
Our goal is to minimize
[GL2(F q) : H2] + · · ·+ [GL2(F q) : Hℓ].
We need a lemma.
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Lemma 3.10. Suppose t | q − 1, and t 6= q − 1. Let H(t) be the
subgroup of GL2(F q) with minimal [GL2(F q) : H ] among the subgroups
that satisfy Z ∩H = Zt. Then
H(t) =
{
GL2(F q)
t t odd;
GL2(F q)
2t t even.
Furthermore,
[GL2(F q) : H(t)] =
{
t t odd;
2t t even.
Proof. By Lemma 2.2 there is a subgroup H containing SL2(F q) which
satisfies the conditions of the lemma. If t is odd, there are the two
subgroups GL2(F q)
t and GL2(F q)
2t that have the same intersection Zt
with Z. Of these two, GL2(F q)
t has smaller index. If t is even, the
only subgroup that has intersection Zt with Z is GL2(F q)
2t. The last
assertion follows from Equation (2.2). 
To finish the proof of Theorem 1.1 we have to solve the following
optimization problem for n = q − 1.
Problem 3.11. Suppose a natural number n = 2rm with m odd is
given. For a natural number t, set ǫ(t) = (3 + (−1)t)/2. Find natural
numbers ℓ, t2, . . . , tℓ such that
• lcm(2r, t2, . . . , tℓ) = n;
•
∑r
i=2 ǫ(ti)ti is minimal.
We call (t2, . . . , tℓ) the optimal choice for n.
Lemma 3.12. Write n = 2rpe11 · · ·p
ek
k with pi’s distinct odd primes.
Then the optimal choice for n is (pe11 , . . . , p
ek
k ).
Proof. Suppose (t2, . . . , tℓ) is an optimal choice for n. If some ti is
even, say equal to 2s, replacing ti by s does not change the lcm in the
statement Problem 3.11, but decreases the value of
∑
i ǫ(ti)ti. Since
(t2, . . . , tℓ) is optimal for n, this means that all of the ti’s have to be
odd. Next, write each ti as the product of prime powers π
m1
1 · · ·π
mv
v .
By Lemma 3.3,
∑
j π
mj
j ≤ ti with equality only when v = 1. Again,
since (t2, . . . , tℓ) is optimal, this means each ti is a prime power. It is
also clear that if i 6= j, then (ti, tj) = 1, because otherwise ti, tj will be
powers of the same prime, and we can throw away the one with smaller
exponent. 
Putting everything together we have proved the following theorem:
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Theorem 3.13. We have
p(GL2(F q)) = p(SL2(F q)) + T (q − 1).
Up to conjugacy we have q − 1 classes of minimal faithful sets for
GL2(F q) and the representatives Cn, 0 ≤ n ≤ q − 2, are described as
follows: For 0 ≤ n ≤ q − 2 set
Cn = {GH(n),GL2(F q)
p
e1
1 , . . . ,GL2(F q)
p
ek
k }.
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